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Abstract
Modern symbolic computational systems which perform automated manipulation of algebraic variables o-er insights
into a variety of mathematical problems. This work uses the symbolic manipulation toolbox available in MATLAB to
investigate pole-zero cancellation of the uncontrollable double inverted pendulum algebraically, following exploratory
numerical computation. The ability of the software to factorise complicated multi-variable polynomials is exploited to
identify, in algebraic form, the anticipated pole-zero term cancelling throughout the transfer functions of the uncontrollable
pendulum system. The controllability of pendulum systems may be investigated for any of the control inputs. In this paper,
the system has been considered with respect to the force on the trolley, for which it is a conditionally uncontrollable
problem, and with respect to each of the torques on the arms, which are unconditionally uncontrollable problems. c© 2002
Elsevier Science B.V. All rights reserved.
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1. Introduction
The classic inverted pendulum model, and its controllability with respect to the force applied
to the trolley, have previously been investigated algebraically, following unexpected results during
exploratory numerical computations. Thus, the anticipated cancelling pole-zero term for the system
when it is in a state of uncontrollability has been explicitly identi9ed in fully general form [3]. The
results presented here follow on from this investigation by considering each of the possible control
inputs for the model in turn, and obtaining the fully generalised form of the polynomials associ-
ated with the transfer functions for each input. Thus it has been possible to verify the unexpected
numerical results obtained, from the symbolic equations.
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This work is concerned with the standard Balancing Problem, for the uniform system, where all
masses and lengths are assumed equal, the quasi-uniform system, where the masses of the arms and
the trolley are set equal and the lengths of the arms are set equal, and the full system.
2. Inverted pendulum model
2.1. The system
Consider the system of Fig. 1, in which a horizontally translating inverted pendulum of two links
l(1), l(2) moves under the action of a single control input, selected from the following: F(t), 1(t)
and 2(t). Generalised coordinates x(t); 1(t); 2(t) are attached to the system, with x0 some reference
point on the track, and coordinates 1(t); 2(t) measured positive clockwise from a local vertical.
The trolley is assumed to have mass M (kg), with link l(i) of mass mi (kg) and length li (m); i=1; 2;
the unit of time is the second (s). Acceleration due to gravity, which acts downwards in the plane, is
written as g with units m s−2. System motion is assumed to be damped by viscous friction throughout,
with x ¡ 0 (kg s−1) the coeCcient of damping along the horizontal, and 1; 2¡ 0 (kg s−1) the
respective coeCcients of damping at the base of link l(1); l(2). The scalar control input acting on the
pendulum will be one of the following: u(t)=F(t); u(t)= 1(t); u(t)= 2(t), and the state vector
Fig. 1. The damped translating double pendulum.
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x(t) comprises the three generalised coordinates and their time derivatives
x(t)=
[
x(t) 1(t) 2(t) x˙(t) ˙1(t) ˙2(t)
]T
: (1)
2.2. The balancing problems
Denote any system state of unstable equilibrium, at some arbitrary point along the track, by
S1 ;2 , where 1; 2 de9ne the respective alignment of each link l1; l2. There are clearly three such
states for the double pendulum, written S0;0; S0; ; S;0 each of which gives rise to a valid balancing
problem. The 9rst state S0;0 describes that of the standard inverted double pendulum, and is the most
commonly studied, whilst the other two are non standard problems, of which the third is not strictly
a balancing problem, since the 9rst link is allowed to hang below the track level. These target states
may be referred to in order as “up–up”, “up–down” and “down–up”, and henceforth the respective
control assignments attached to them will be called Balancing Problems I, II, and III. Balancing
Problems II and III are clearly mirror images of each other about the horizontal. This work deals
with Balancing Problem I.
3. Control theory
3.1. Overview
Formulation of the full nonlinear equations of motion of the system is straightforward, and sym-
bolic linearisation about a state of unstable equilibrium can be a-ected in the usual manner. Each
balancing problem gives rise to the linear system
d(x)
dt
= [A]x + bG (2)
for perturbations x; G in x; G about the operating point. G is the control input, which will take
each of the possible forces in turn, namely F; 1 and 2 and b is the appropriate column of the full
B matrix. The forms of [A] and B are:
[A] =


03;3
... I3
· · · · · · · · ·
A†
... A∗

 ; B=


03;3
· · ·
b†

 (3)
and the nontrivial partitioned blocks of [A] and b† are found, by computation, to have symbolic
entries:
A†11 = 0, A
†
21 = 0,
A†12 =
−3(2m1+m2)(m1+2m2)g
2(4Mm1+3Mm2+m21+m1m2)
, A†22 =
3(4m1+m2+4M)(m1+2m2)g
2l1(4Mm1+3Mm2+m21+m1m2)
,
A†13 =
3m1m2g
2(4Mm1+3Mm2+m21+m1m2)
, A†23 =
−9(2M+m1)m2g
2l1(4Mm1+3Mm2+m21+m1m2)
,
A†31 = 0, A
∗
11 = 0,
826 C.A. Woodham, H. Su / Journal of Computational and Applied Mathematics 140 (2002) 823–836
A†32 =
−9(2M+m1)(m1+2m2)g
2l2(4Mm1+3Mm2+m21+m1m2)
, A∗12 =
−3(2m1+m2)(1+2)l2−3l1m12
l1l2(4Mm1+3Mm2+m21+m1m2)
,
A†33 =
3(4Mm1+12Mm2+m21+4m1m2)g
2l2(4Mm1+3Mm2+m21+m1m2)
, A∗13 =
(3(2m1+m2)l2+3l1m1)2
l1l2(4Mm1+3Mm2+m21+m1m2)
,
A∗21 = 0, A∗31 = 0 ,
A∗22 =
3((4m1+m2+4M)(1+2)l2+3(2M+m1)l12)
l21l2(4Mm1+3Mm2+m
2
1+m1m2)
, A∗32 =
−3((4Mm1+12Mm2+m21+4m1m2)l12+3(2M+m1)(1+2)l2m2)
l1l22m2(4Mm1+3Mm2+m
2
1+m1m2)
,
A∗23 =
−3((4m1+m2+4M)l2+3(2M+m1)l1)2
l21l2(4Mm1+3Mm2+m
2
1+m1m2)
, A∗33 =
3((4Mm1+12Mm2+m21+4m1m2)l1+3(2M+m1)l2m2)2
l1l22m2(4Mm1+3Mm2+m
2
1+m1m2)
,
and b† is


(4m1+3m2)
((4m1+3m2)M+(m1+m2)m1)
−3(2m1+m2)
l1((4m1+3m2)M+(m1+m2)m1)
3m1
l2((4m1+3m2)M+(m1+m2)m1)
−3(2m1+m2)
l1((4m1+3m2)M+(m1+m2)m1)
3(4m1+m2+4M)
l21((4m1+3m2)M+(m1+m2)m1)
−9(2M+m1)
l1l2((4m1+3m2)M+(m1+m2)m1)
3m1
l2((4m1+3m2)M+(m1+m2)m1)
−9(2M+m1)
l1l2((4m1+3m2)M+(m1+m2)m1)
3[(4M (m1+3m2)+m1(m1+4m2))l1+3(2M+m1)l2m2]
l1l22m2((4m1+3m2)M+(m1+m2)m1)


:
If the control input G is zero, then the system behaviour is governed solely by the system matrix
[A], and the system is described as being an Open-loop system. An Open-loop control system is one
where G is independent of the output and the system variables, and Closed-loop control is when the
output and system variables have an e-ect on the control of the system output.
A system is said to be completely state controllable if for any initial time t0 each initial state
x(t0) can be transferred to any 9nal state x(tf ) in a 9nite time tf ¿t0, by means of an unconstrained
control vector G. If a system is completely controllable then G can be designed to achieve any
x(tf ). If a system is uncontrollable then G cannot be designed to achieve any x(tf ). A conditionally
uncontrollable system is one which is uncontrollable only if a certain condition is ful9lled.
3.2. Kalman controllability
The theoretical feasibility of control by u(t) is given by the well-known Kalman controllability
test. Construction of the system controllability matrix yields a necessary and suCcient condition
regarding the controllability or otherwise of the pendulum with respect to the control input selected.
The system is controllable if and only if the controllability matrix
C = [b : [A]b : [A2]b : [A3]b : [A4]b : [A5]b] (4)
has full rank, so symbolic evaluation of the determinant of the controllability matrix will give a
controllability criterion in algebraic form. Earlier work on the pendulum model has established the
following criteria for the di-erent control inputs [2].
Controlling the system with respect to F , the force on the trolley, gives rise to an algebraic
controllability condition for each balancing problem, obtained from the symbolic evaluation of the
determinant of the controllability matrix, having the general form:
c= c(1; 2; m1; m2; l1; l2; g); (5)
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where the condition for noncontrollability is c=0; which is equivalent to the matrix C being singular,
and hence not having full rank.
Controlling the system with respect to either 1, the torque on the 9rst link, or 2; the torque
on the second link, gives rise to a controllability matrix which has a zero determinant [1]. The
system in either of these cases is therefore always uncontrollable and hence there is no associated
uncontrollability condition.
3.3. Transfer functions
Noncontrollability of the system may also be investigated by considering the transfer functions.
With reference to the state vector (1) the linearised output equation
y=Dx (6)
which accompanies (2) is assumed, where
D=


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

 (7)
so that the outputs y1(t); y2(t); y3(t) are simply the states x; 1; 2. Taking Laplace transforms of
Eq. (2) transforms the system from the time domain to the (complex) frequency domain. Transfer
functions relating small changes in the input to those of the outputs are given by the equation:
y(s)
F(s)
=D[sI − A]−1b; (8)
where I is the 6× 6 identity matrix. The components of (7) may be written as
yi
F(s)
=fi(s) i=1; 2; 3; (9)
where each of the functions fi is a quotient of univariate polynomials in s. From standard theory,
noncontrollability manifests itself as pole-zero cancellation in the transfer functions, and it is this
theory which forms the basis of the following work.
4. Results
4.1. Numerical results
In the 9rst instance, a numerical investigation of Balancing Problem I with the force on the trolley
as the control input was undertaken. Consider 9rst the uniform model, for which
M =m1 =m2 = l1 = l2 = u: (10)
The uncontrollability condition with F as the control input is given by
1(31 + 162)− 4g5u =0
which is a curve in 1–2 space with a bound on 1: −22u
√
(gu=3)¡1¡ 0; as shown in Fig. 2.
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Fig. 2. The uncontrollability curve for the uniform system.
Fig. 3. The cancelling pole for the uniform system.
Letting u=0:5 and x =0, and obtaining the transfer functions at each discrete point on the curve
of uncontrollability allows the cancelling pole to be extracted at each point. A plot of the cancelling
pole against 1 is shown in Fig. 3. It would appear from this plot that there is a linear relationship
between the cancelling pole and 1, and in this case, the gradient of the line is
!ˆ=− 12:
Now consider the quasi-uniform system, for which:
M =m1 =m2 = m l1 = l2 = l: (11)
The uncontrollability condition with F as the control input is given by
1(31 + 162)− 4g2m3l =0
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Fig. 4. The uncontrollability curve for the quasi-uniform system.
Fig. 5. The cancelling pole for the quasi-uniform system.
which is a curve in 1–2 space with a bound on 1: −2ml
√
(gl=3)¡1¡ 0 as shown
in Fig. 4.
Letting l=0:3, m=5 and x =− 2:7, and obtaining the transfer functions at each discrete point
on the curve of uncontrollability allows the cancelling pole to be extracted at each point. Plotting
the cancelling pole against 1 gives the results shown in Fig. 5. It would appear from this plot that
there is a linear relationship between the cancelling pole and 1, and in this case the gradient of the
line is
!ˆ=− 3:333:
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Fig. 6. Transfer functions wrt F for the controllable system.
Fig. 7. Transfer functions wrt F for the uncontrollable system.
4.2. Symbolic results
Following the surprising results obtained during the numerical investigation, a symbolic investi-
gation of the cancelling pole has been undertaken, for each of the control inputs in turn.
4.2.1. With respect to F
First, consider the quasi-uniform system, with F as the control input, which gives rise to the
numerators and denominator for the transfer functions depicted in Fig. 6. Substituting in the uncon-
trollability condition in terms of 2 and rearranging gives the results shown in Fig. 7. It is clear that
the cancelling pole has been factored out of the denominator and each of the numerators, and is of
the form:
31 + 2sm2l ;
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Fig. 8. Transfer functions for the full controllable system.
which rearranges to
s+
31
2m2l
: (12)
Substituting m= l= u=0:5 gives
s+
31
0:25
⇒ !=− 12:
Substituting m=5 and l=0:3 gives
s+
31
0:9
⇒ !=− 10
3
:
Now consider the full system, with F as the control input, and with x set to zero for simplicity,
since it has no e-ect on the uncontrollability condition or the cancelling pole. The numerators and
denominator of the transfer functions are shown in Fig. 8.
Substituting in the uncontrollability condition in terms of 2 and rearranging gives the results
shown in Fig. 9. It is clear that the cancelling pole has been factored out of the denominator and
each of the numerators, and is of the form
61 + 2sl1l2m1 + sm1l21 + sl1l2m2;
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Fig. 9. Transfer funcitons for the full uncontrollable system.
which rearranges to
s+
61
l1[l2(2m1 + m2) + m1l1]
:
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Fig. 10. Transfer functions wrt 1.
Substituting m=m1 =m2 and l= l1 = l2 gives
s+
61
2l4m
;
which rearranges to the same form as that given in Eq. (12).
4.2.2. With respect to 1
First, consider the quasi-uniform system, with 1 as the control input, which gives rise to the
numerators and denominator for the transfer functions shown in Fig. 10. With 1 as the control input
the system is always uncontrollable, so there is no uncontrollability condition to be substituted. It
can be seen that there is a cancelling pole common to all numerators and the denominator, which
is simply s, the zero pole. The x and 2 numerators are of the form
s2p(s2)
and in the case of the x numerator the roots of the remainder polynomial are
s=
42 ±
√
1622 − 32m3l g
m2l
:
Now consider the full system, with 1 as the control input, and with x set to zero for simplicity,
since it has no e-ect on the uncontrollability condition or the cancelling pole.
The numerators and denominator of the transfer functions are shown in Fig. 11. It can be seen
that there is a cancelling pole common to all numerators and the denominator, which is again s, the
zero pole, and with x =0 this is a double cancellation. The x and 1 numerators are of the form
s2p(s2)
and the 2 numerator is in the form
s3p(s);
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Fig. 11. Transfer functions for the full system wrt 1.
with the remainder 9rst order polynomial rearranging to
l1l2m2(m1 + 2M)s+ 41(m1 + m2 +M):
4.2.3. With respect to 2
First, consider the quasi-uniform system, with 2 as the control input, which gives rise to the
numerators and denominator for the transfer functions depicted in Fig. 12. With 2 as the control
input the system is always uncontrollable, so there is no uncontrollability condition to be substituted.
It can be seen that there is a cancelling pole common to all numerators and the denominator, which
is simply s, the zero pole. The 1 and 2 numerators are of the form
s2p(s2)
and the x numerator is of the form
s3(31 + 2sm2l )
and it can be seen that the remainder polynomial is of identical form to the cancelling factor for
the case when F is the control input.
Now consider the full system, with 2 as the control input, and with x set to zero for simplicity,
since it has no e-ect on the uncontrollability condition or the cancelling pole. The numerators and
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Fig. 12. Transfer funcitons wrt 2
Fig. 13. Transfer funcitons for the full system wrt 2.
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denominator of the transfer functions are shown in Fig. 13. It can be seen that there is a cancelling
pole common to all numerators and the denominator, which is again s, the zero pole, and with x =0
this is a double cancellation. The 1 and 2 numerators are of the form
s2p(s2)
and the x numerator is of the form
s3(m1sl21 + 2sm1l1l2 + 61 + sm2l1l2)
and it can be seen that the remainder polynomial is of identical form to the cancelling factor for
the case when F is the control input.
5. Summary
The continuation of the symbolic-numeric investigation previously reported [3] by considering the
two torques as control inputs has given some interesting results with regard to the algebraic form of
the transfer functions. Once again, unexpected numerical results have led to symbolic investigations
using computer algebra, and further features of the pendulum system have been exposed. It is
satisfying to 9nd that for a control input which leads to an unconditionally uncontrollable system,
the cancelling pole has no dependence on any of the system parameters.
The e-ect of the trolley friction on the transfer functions has been clari9ed and it has been shown
that setting the trolley friction to zero gives an extra factor at s=0 in the denominator and the 1
and 2 numerators for each control input. Interestingly, the x transfer function is una-ected by the
trolley friction.
The other numerical results noted have been supported by the symbolic investigation, and in
some cases the transfer functions have been obtained in fully factorised form. Future work could be
directed at the other two balancing problems in the 9rst instance, with further extension to pendulums
with more than two links.
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